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 Chapter 1: General introduction and background 
The background of this study and the relevant literature on the problem are presented. Some fundamental questions concerning 
the mass diffusion properties of biological systems under isothermal and non-isothermal conditions still remain because few 
experimental techniques are capable of visualizing and measuring mass diffusion phenomena with a high accuracy. As a consequence, 
there is a need to develop new experimental techniques that can deepen our understanding of mass diffusion in such systems. 
Moreover, steady natural convection in a tilted three-dimensional rectangular enclosure has not yet been studied considering a wide 
range of Rayleigh numbers Ra and Prandtl numbers Pr. The objectives of this dissertation are stated, following the need to have more 
accurate optical techniques to study mass diffusion and better numerical methods to investigate natural convection in parallelepiped 
enclosures. 
 
 Chapter 2: Development of phase-shifting interferometry for measurement of mass diffusion 
A novel yet precise technique to visualize isothermal diffusion and thermodiffusion is developed. The construction of the real-time 
phase-shifting interferometer shown in Fig. 1 is described. The interferometer comprises a polarizing Mach–Zehnder interferometer, a 
rotating polariser, a CCD camera, and an original image-processing algorithm. A three-phase algorithm is implemented to obtain the 
phase-shifted data at time intervals of 1/10 s. This optical apparatus is 
highly accurate and versatile.   
A method to determine the isothermal diffusion coefficient as a 
function of concentration in aqueous solutions is proposed. This method 
uses the phase-shifting interferometer, a solution injection device, a 
diffusion cell, and an inverse analysis coupled with a numerical calculation 
in order to conduct highly-accurate measurements of the isothermal 
diffusion coefficient. The method has a shorter measurement time and uses 
less amount of sample than similar methods reported in the literature. The 
method is then validated by comparing the measured concentration 
dependence of the diffusion coefficient for aqueous solutions of sucrose 







































































































Fig. 1 Schematic of experimental device 
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Thermodiffusion is visualized and measured by simultaneously using two phase-shifting interferometers. A Soret cell with lateral 
transparent walls made of quartz glass and upper and lower boundaries made of copper is built. A rapid temperature control system is 
applied to control the upper and lower copper-liquid boundary temperatures. Thermodiffusion experiments are conducted with the 
height of the cell set to 2 mm. This is much less than the height of the cell used by previous research groups that use interferometric 
methods. A shorter cell height has three main advantages: (i) Reducing the volume sample (directly proportional to the height); (ii) 
Shortening the measurement time (directly proportional to the second power of the height); and (iii) Increasing the hydrodynamic 
stability of the system by decreasing the Rayleigh number Ra (Ra is directly proportional to the third power of the height). The 
measurement method for thermodiffusion is validated by determining the Soret coefficient of two benchmark liquid pairs. 
 
 Chapter 3: Visualization and measurement of mass diffusion in biological systems 
The optical system developed in Chapter 2 is applied to mass diffusion measurements in protein aqueous solutions. The focus of 
this chapter is biomolecular Fickian diffusion in binary and dilute ternary systems, as well as thermophoresis in binary systems. 
The isothermal diffusion coefficients of various protein aqueous solutions are determined at infinite dilute concentration. These 
experiments are conducted in order to investigate the solvent-solute interactions, where distilled water is used as solvent. The results 
show that the diffusion coefficient decreases with molecular mass, as roughly predicted by the Stokes-Einstein equation. The deduced 
values of protein density by the Stokes-Einstein equation are not always accurate due to a possible hydration and other intermolecular 
effects. Moreover, the concentration dependence of lysoyzme and BSA is determined. A qualitative comparison between molecular 
dynamics calculations reported in the literature and the present measurement results is conducted. The results suggest that BSA has a 
hard-sphere-like diffusion behaviour and lysozyme a soft sphere characteristic. 
A dilute ternary system consisting of NaCl-lysozyme-buffer is then studied. The visualization of the diffusion field for this system 
is shown in Fig. 2. A buffer solution is used to fix the pH of the solution. It is found that, for the dilute ranges of concentration 
considered in this study, the cross-term effect between the diffusion species is negligible. A general formulation for the inverse 
analysis in dilute multicomponent systems is proposed in order to determine the isothermal diffusion coefficient of each substance and 
their corresponding concentration ratio. The diffusion coefficients for the ternary system are determined within a 8.0% margin of 
uncertainty. This method could be an alternative to conventional chromatography methods. 
The measurement method for Soret coefficients is then applied 
to study thermodiffusion in two dilute protein aqueous solutions: 
aprotinin-water and lysozyme-water. It is found that for the 
considered concentration the aprotinin molecules are thermophilic, 
whereas lysozyme molecules are thermophobic. The proposed 
optical technique is used to visualize, for the first time, 
thermodiffusion of protein molecules. This optical method can 
then be used in the future as a tool to deepen our understanding of 
thermodiffusion in biological systems. 
 
 Chapter 4: Three-dimensional continuation method to study convection in boxes 
A continuation method is developed from a three-dimensional spectral finite element code. This method is particularly well suited 
for the studies involving complex bifurcation diagrams of three-dimensional convection in rectangular parallelepiped cavities. This 
continuation method allows the calculation of solution branches, the stability analysis of the solutions along these branches, the 
detection and precise direct calculation of the bifurcation points, and the jump to newly detected stable or unstable branches, all this 
being managed by a simple continuation algorithm. This can be used to calculate the bifurcation diagrams describing the convection 
in tilted cavities. 
An accuracy assessment of the code is performed by comparing with the work of Wakashima et al. (2004). They proposed 































Fig. 2 Visualization of the diffusion field for (a) two binary and 
(b) a ternary system 
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having a fourth-order accuracy. The percentile difference on the calculated Nusselt number between their results and our results 
(computed with the mesh used in all our study on a cubical cavity) is within 0.7%. The code for calculating the solution branches and 
bifurcation points is then validated by reproducing the work of Puigjaner et al. (2004) for Rayleigh-Bénard convection. Here, detailed 
bifurcation diagrams are determined for a cubical cavity with adiabatic sidewalls and heated from below for air as working fluid. A 
very good agreement with their work is obtained. 
 
 Chapter 5: Bifurcation analysis of steady natural convection in tilted rectangular enclosures 
The stability of the solutions in a truncated duct with a square cross-section and an aspect ratio Az = length / height = 2 is first 
studied. The finite-length square duct is tilted around its longest axis. A precise bifurcation diagram is obtained for the horizontal case 
(θ = 0°) featuring all the different branches issued from the first ten primary bifurcations and at subsequent secondary bifurcations. The 
calculations for the square duct are then extended from the Rayleigh-Bénard situation (θ = 0°) to the case where a tilt is imposed to the 
finite-length duct around its longest axis. This tilt can be a slight defect of the experimental device or can be imposed on purpose. 
In the tilted square duct, three types of stable solutions are found: the leading longitudinal roll L− solutions, the longitudinal roll L+ 
solutions, and the oblique roll O± solutions. The domains of existence of these different stable solutions are determined in the Ra-θ 
parameter space. When θ is non zero but small, the stable leading branch of L− solutions is destabilized at a first bifurcation point by 
the oblique roll branch and re-stabilized at a second bifurcation point, whereas the originally unstable disconnected branch of L+ 
solutions is eventually stabilized. At a small critical angle θc, the bifurcation points on the leading branch will collide and disappear, so 
that, for larger θ (up to θ = 90°), the L− solutions on the leading branch become continuously stable in the studied Ra domain. Another 
consequence of this collision is that the stable branches of oblique solutions O± now belong to disconnected branches above 
saddle-node points. Interesting comparisons with previous studies dealing with convection in inclined ducts are obtained. It was 
shown that Nu reaches a maximum value at a given inclination, as shown in Fig. 3, and that this flow corresponds to the L− solutions. 
These previous studies involved two-dimensional calculations (Cliffe and Winters, 1984), three-dimensional stability studies (Adachi, 
2006), and experimental measurements (Ozoe et al., 1974). The presented results confirm and complement the results obtained in 
these previous studies. 
Furthermore, a thorough bifurcation analysis of steady natural convection in a tilted cubical cavity is conducted. The solutions are 
studied from their initiation at low Ra to their transition to periodic states for the range 0.71 ≤ Pr ≤ 130. For this cubical cavity, the 
pitchfork bifurcation obtained for θ = 0° at the first primary bifurcation (where four stable and four unstable solutions simultaneously 
emerge) is broken, resulting in a leading branch, three disconnected branches emerging at saddle-node bifurcations, and a secondary 
branch, as shown in Fig. 4. It is shown that there is a shift in the Ra domain for all these secondary bifurcations when the cubical 
cavity is slightly tilted. Moreover, a thorough stability diagram in the Ra-θ domain is presented for water (Pr = 5.9). This diagram is 
constructed from the loci of the bifurcation points related to stable solutions. The stability diagram provides a comprehensive 
description of the stable regimes as a function of Ra and θ. It is found that the loci of the secondary bifurcations related to the leading 
branch evolve towards higher Ra and θ, whereas the loci of the 
solutions related to the disconnected branches converge and 
disappear at critical angles. The effect of the Prandtl number Pr is 
investigated by determining interesting critical angles as a function of 
Pr. In addition, the relation between the average Nusselt number Nu 
and the inclination θ is also clarified. These results indicate that there 
is a maximum Nu at given inclination angle. The analysis is also 
extended to a cubical cavity slightly tilted in two directions, i.e. 
without horizontal edges.  
This bifurcation analysis study is the first of its kind to fully 
address the influence of a tilt on the stability of three-dimensional 

















Fig. 3 Nusselt number Nu as a function of the inclination angle 
inside the rectangular cavity of dimensions 1:1:2 
? 226 ?
 
 Chapter 6: Measurement of convection in rectangular parallelepiped cavities 
The phase-shifting interferometer developed in Chapter 2 is utilized to measure two-dimensional temperature fields. 
Measurements of the velocity field in a mid-vertical plane are simultaneously conducted for Ra = 88700 by using Particle Image 
Velocimetry. 
A Rayleigh-Bénard cell with a cubical-shape enclosure is designed. The transparent lateral walls of the cell allow us to perform 
these simultaneous measurements. A Rayleigh-Bénard experiment is conducted at Ra = 88700. One main roll with smaller rolls at the 
corners is observed in its steady state. This flow corresponds to a solution on the leading branch (after two pitchfork bifurcations) 
determined in Chapter 6 for Pr = 5.9 in the horizontal case. Furthermore, the two-dimensional temperature profile is used to evaluate 
the lateral thermal boundary conditions. As expected, the quartz sidewalls do not give a perfect insulating condition. 
The technique developed in this chapter provides a tool to deepen our understanding of natural convection in enclosures and can be 
used to assess numerical calculations, such as the detailed calculations presented in Chapter 6. 
 
 Chapter 7: General conclusions and summary 

































































Fig. 4 Bifurcation diagram for a fluid (Pr = 5.9) inside a cubical cavity heated from the lower wall and inclined by θ = 0.1°. The 
vertical velocity u1 at a given point is plotted as a function of Ra. The insets show the vertical velocity contour in the mid-plane. 
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